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In this paper we develop the calculus of pseudo-differential 
operators on the lattice Zn, which we can call pseudo-
difference operators. An interesting feature of this calculus 
is that the global frequency space (Tn) is compact so the 
symbol classes are defined in terms of the behaviour with 
respect to the lattice variable. We establish formulae for 
composition, adjoint, transpose, and for parametrix for the 
elliptic operators. We also give conditions for the 2, weighted 
2, and p boundedness of operators and for their compactness 
on p. We describe a link to the toroidal quantization on the 
torus Tn, and apply it to give conditions for the membership 
in Schatten classes on 2(Zn). Furthermore, we discuss a 
version of Fourier integral operators on the lattice and give 
conditions for their 2-boundedness. The results are applied 
to give estimates for solutions to difference equations on the 
lattice Zn. Moreover, we establish Gårding and sharp Gårding 
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1. Introduction
The aim of this paper is to develop a calculus of pseudo-differential operators suitable 
for the applications to solving difference equations on the lattice Zn. Such equations 
naturally appear in various problems of modelling and in the discretisation of continuous 
problems. We call the appearing operators pseudo-difference operators.




f(k + vj) − f(k − vj)
)
+ af(k) = g(k), k ∈ Zn, (1.1)
with vj = (0, . . . , 0, 1, 0, . . . , 0) ∈ Zn, where the jth element of vj is 1, and all other 
elements are 0. The idea of this paper is to use the suitable Fourier analysis for solving 
difference equations of this type. Thus, if, for example, Re a = 0, this equation is solvable 













e−2πik·xg(k), x ∈ Tn, (1.3)
k∈Zn
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any tempered growth function g ∈ S ′(Zn). In particular, if g ∈ 2(Zn) then the solution 




(1 + |k|)s|g(k)|2 < ∞




(1 + |k|)s|f(k)|2 < ∞,
see Example (3) in Section 6.
From the point of view of the theory of pseudo-differential operators the operators 
of the form (1.2) extend the usual difference operators on the lattice, thus we feel that 
the term pseudo-difference operators may be justified to emphasise that they extend the 
class of difference operators into a ∗-algebra. This agrees with the terminology already 
existing in the literature (see e.g. [29]).
The theory of pseudo-differential operators is usually effective in answering a number 
of questions such as:
• What kind of difference equations, similar to (1.1), are solvable in this way?
• Given g(k), what are properties of f(k) given the representation formula (1.2)?
• What about variable coefficient versions of difference equations, where the coefficients 
of the equations may also depend on k?
It is the purpose of this paper to answer these and other questions by developing 
a suitable theory of pseudo-differential operators on the lattice Zn. There are several 
interesting features of this theory making it essentially different from the classical theory 
of pseudo-differential operators on Rn, such as
• The phase space is Zn×Tn with the frequencies being elements of the compact space 
Tn (the torus Tn := Rn/Zn). The usual theory of pseudo-differential operators works 
with symbol classes with increasing decay of symbols after taking their derivatives 
in the frequency variable. Here we can not expect any improving decay properties in 
frequency since the frequency space is compact.
• We can not work with derivatives with respect to the space variable k ∈ Zn. There-
fore, this needs to be replaced by working with appropriate difference operators on 
the lattice.
4 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473The developed theory is similar in spirit to the global theory of (toroidal) pseudo-
differential operators on the torus Tn consistently developed in [35], see also [1–3] as 
well as [32,33] for earlier works. In particular, symbol classes in this paper will coincide 
with symbol classes developed in [35,34] but with a twist, swapping the order of the 
space and frequency variables. As a result, we can draw on properties of these symbol 
classes developed in the above works. Several attempts of developing a suitable theory 
of pseudo-differential operators on the lattice Zn have been done in the literature, see 
e.g. [25,29], but with no symbolic calculus. Operators on the one-dimensional lattice Z
have been considered in [18,11,12], but again with no symbolic calculus, and p estimates 
were considered in [30] and [5]. There are numerous physical models realised as difference 
equations, see e.g. [28,29,26] for the analysis of Schrödinger, Dirac, and other operators 
on lattices, and their spectral properties.
Our symbol classes exhibit improvement when differences are taken with respect 
to the space (lattice) variable, thus resembling in their behaviour the so-called SG 
pseudo-differential operators in Rn, developed by Cordes [6], but again with a twist 
in variables.
In the recent work [17], a framework has been developed for the theory of pseudo-
differential operators on general locally compact type I groups, with application to 
spectral properties of operators. The Kohn-Nirenberg type quantization formula that 
the analysis of this paper relies on makes a special case of the construction of [17], but 
there is only limited symbolic calculus available there due to the generality of the set-
ting. Thus, here we are able to provide much deeper analysis in terms of the asymptotic 
expansions and formulae for the appearing symbols and kernels.
Compared to situations when the state space is compact (for example, [37] on compact 
groups or [31] on compact manifolds) the calculus here is essentially different since we can 
not construct it using standard methods relying on the decay properties in the frequency 
component of the phase space since the frequency space is our case is the torus Tn which 
is compact, so no improvement with respect to the decay of the frequency variable is 
possible.
To give some further details, the Fourier transform of f ∈ 1(Zn) is defined by




for x ∈ Tn = Rn/Zn, where we will be denoting, throughout the paper,
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e2πik·xf̂(x)dx, k ∈ Zn. (1.6)




e2πik·xσ(k, x)f̂(x)dx, k ∈ Zn. (1.7)
The operator defined by equation (1.7) will be called the pseudo-differential operator on 
Zn corresponding to the symbol σ = σ(k, x), (k, x) ∈ Zn × Tn. We will also call it a 
pseudo-difference operator and the quantization σ → Op(σ) the lattice quantization.
The Schwartz space S(Zn) on the lattice Zn is the space of rapidly decreasing functions 
ϕ : Zn → C, that is, ϕ ∈ S(Zn) if for any M < ∞ there exists a constant Cϕ,M such 
that
|ϕ(k)| ≤ Cϕ,M (1 + |k|)−M , for all k ∈ Zn.
The topology on S(Zn) is given by the seminorms pj , where j ∈ N0 and pj(ϕ) :=
sup
k∈Zn
(1 + |k|)j |ϕ(k)|. The space of tempered distributions S ′(Zn) is the topological dual 
to S(Zn), i.e. the space of all linear continuous functionals on S(Zn).
As usual, the theory of pseudo-differential operators applies not only to specific class 
of operators but to general linear continuous operators on the space. Indeed, let A :
∞(Zn) → S ′(Zn) be a continuous linear operator. Then it can be shown that A can be 
written in the form A = Op(σ) with the symbol σ = σ(k, x) defined by





where ex(k) = e2πik·x for all k ∈ Zn and x ∈ Tn. Indeed, using the Fourier inversion 
formula (1.6) in the usual way one can justify the simple calculation
















e2πik·xσ(k, x)f̂(x)dx = Op(σ)f(k).
We also present the following applications of the developed calculus:
• conditions for 2(Zn)-boundedness, compactness, and membership in Schatten-von 
Neumann classes for operators in terms of their symbols; Gohberg lemma and esti-
mates for the essential spectrum of operators;
• conditions for weighted 2(Zn)-boundedness and weighted a-priori estimates for dif-
ference equations;
• Fourier series operators and their 2(Zn)-boundedness;
• Gårding and sharp Gårding inequalities, with an application to the unique solvability 
of parabolic equations on the lattice Zn.
We also present conditions for p(Zn)-boundedness and compactness, extending results 
of [18] and [30]. We can note that compared to the existing literature on 2-boundedness, 
our results do not require any decay properties of the symbol, thus also leading to a-priori 
estimates for elliptic difference equations without any loss of decay.
In Section 2 we introduce symbol classes and discuss the kernels of the corresponding 
pseudo-difference operators. An interesting difference with the usual theory of pseudo-
differential operators is that since the space Zn is discrete, the Schwartz kernels of the 
corresponding pseudo-difference operators do not have singularity at the diagonal.
The plan of the paper is as follows. We study the properties of pseudo-difference 
operator on Zn by first discussing in Section 2 their symbols and kernels, as well as 
amplitudes. The symbolic calculus is developed in Section 3. In Section 4 we establish 
the link between the quantizations on the lattice Zn and the torus Tn. In Section 5 we 
investigate the boundedness on 2(Zn), weighted 2(Zn), p(Zn), compactness on p(Zn), 
and give conditions for the membership in Schatten-von Neumann classes. Finally, in 
Section 6 we give some examples.
Throughout the paper we will use the notation N0 = N ∪ {0}.
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For the developing of the symbolic calculus and for the definition of the symbol classes 
we need to have some analogues of derivatives in the space variable. For this purpose, 
we will be using the following difference operators.





e2πik·y(e2πiy − 1)ατ̂(y)dy, (2.1)
where α = (α1, . . . , αn) and
(e2πiy − 1)α = (e2πiy1 − 1)α1 · · · (e2πiyn − 1)αn .
It is easy to see that we have the decomposition
Δα = Δα11 · . . . · Δαnn , (2.2)








= τ(k + vj) − τ(k) (2.3)
are the usual difference operators on Zn. Therefore, formulae (2.2)-(2.3) give the equiv-
alent characterisation to (2.1), and can be taken as the definition of difference operators 
Δα.
At the same time, the representation (2.1) becomes useful for comparing operators 
(2.2)-(2.3) to more general difference operators that will be introduced in Definition 2.6.
The formula (2.1) makes sense for τ ∈ S ′(Zn). Indeed, in this case we have τ̂ ∈ D′(Tn)
and the formula (2.1) can be interpreted in terms of the distributional duality on Tn,
Δατ(k) = 〈τ̂ , e2πik·y(e2πiy − 1)α〉 (2.4)
acting on the y-variable. These operators have been introduced, analysed and shown to 
satisfy many useful properties, such as the Leibniz formula, summation by parts formula, 
Taylor expansion formula, and many others, in [35] and [34, Section 3.3] to which we 
refer for detailed discussions.
8 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473As usual, we will be using the notation
Dαx = Dα1x1 · · ·D
αn






In the sequel we will be also using the multi-index notation α! = α1! · · ·αn!
It will be also convenient to use operators














,  ∈ N. (2.5)
As usual, D0x = D
(0)
x = I. The operators D(α)x become very useful in the analysis related 
to the torus as they appear in the periodic Taylor expansion, see (2.21). Their precise 
form in (2.5) is related to properties of Stirling numbers, see [34, Section 3.4].
Definition 2.2 (Symbol classes Sμρ,δ(Zn × Tn)). Let ρ, δ ∈ R. We say that a function 
σ : Zn × Tn → C belongs to Sμρ,δ(Zn × Tn) if σ(k, ·) ∈ C∞(Tn) for all k ∈ Zn, and for 
all multi-indices α, β there exists a positive constant Cα,β such that we have
|D(β)x Δαkσ(k, x)| ≤ Cα,β(1 + |k|)μ−ρ|α|+δ|β| (2.6)
for all k ∈ Zn and x ∈ Tn.
If ρ = 1 and δ = 0, we will denote simply Sμ(Zn × Tn) := Sμ1,0(Zn × Tn).




e2πik·xσ(k, x)f̂(x)dx, k ∈ Zn, (2.7)
and by Op(Sμρ,δ(Zn×Tn)) the collection of operators Op(σ) as σ varies over the symbol 
class Sμρ,δ(Zn × Tn).
Here and everywhere we may often write Δα = Δαk to emphasise that the difference 
operators are acting on functions with respect to the variable k. We note that these sym-
bol classes, modulo swapping the order of the variables x and k, have been extensively 
analysed and used in [35] for the development of the global toroidal calculus of pseudo-
differential operators on the torus Tn. We also refer to [34, Chapter 4] for a thorough 
presentation of their properties.
The classes on the torus, similar to Definition 2.2, were analysed in [34], and their 
equivalence (also on general compact Lie groups) to the usual Hörmander classes was 
shown in [38].
Pseudo-differential operator can be represented in various forms. For example, for 
suitable functions f , using formula (1.4) we can write



































We now establish some properties of the kernels of pseudo-difference operators on Zn
with symbols σ ∈ Sμρ,δ(Zn × Tn).
Theorem 2.3. Let σ ∈ Sμρ,δ(Zn × Tn) and let δ ≥ 0. Then for every N ∈ N0 there exists 
a positive constant CN > 0 such that we have
|K(k,m)| ≤ CN (1 + |k|)μ+2Nδ(1 + |k −m|)−2N , (2.9)
for all k, m ∈ Zn.
In particular we note that in comparison to pseudo-differential operators on Rn or on 
Tn, the kernel K(k, m) is well defined for k = m and has no singularity at the diagonal 
since the space Zn × Zn is discrete. We also note that we do not need any further 
restrictions on ρ and δ in Theorem 2.3.
Proof of Theorem 2.3. We note that for k = m we have, using (2.8), that




satisfying (2.9) in this case.
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e2πil·x ; e2πil·x = (1 − Lx)1 + 4π2|l|2 e
2πil·x, (2.11)






















Therefore, for all N ≥ 0 we have
|κ(k, l)| ≤ CN (1 + 4π2|l|2)−N (1 + |k|)μ+2Nδ.
It follows then from (2.8) that K(k, m) satisfies (2.9). 
Similar to the classical cases, we have the formula extracting the symbol from an 
operator.
Proposition 2.4. The symbol of a pseudo-difference operator A is given by
σ(k, x) = e−2πik·xAex(k), (2.12)
where ex(k) = e2πik·x, for all k ∈ Zn and x ∈ Tn.































σ̂(k,m)e2πim·ye2πik·y (where l − k = m)
= σ(k, y)e2πik·y,
where σ̂ stands for the Fourier transform on Tn in the second variable, and where we 
used the toroidal Fourier inversion formula by a standard distributional interpretation. 
This gives formula (2.12). 
From the definition (1.7) of pseudo-differential operators and writing out the Fourier 















with amplitudes a : Zn × Zn × Tn → C. We may still denote such operators by Op(a), 
which is consistent with (2.13).
Definition 2.5 (Amplitude classes Aμ1,μ2ρ,δ (Zn × Tn)). Let ρ, δ ∈ R. A function a : Zn ×
Zn×Tn → C is said to belong to the amplitude class Aμ1,μ2ρ,δ (Zn×Zn×Tn) if a(k, m, ·) ∈
C∞(Tn) for all k, m ∈ Zn, and if for all multi-indices α, β, γ there exists a positive 
constant Cα,β,γ > 0 such that for some J ∈ N0 with J ≤ |γ| we have
|D(γ)y ΔαkΔβma(k,m, y)| ≤ Cα,β,γ(1 + |k|)μ1−ρ|α|+δJ (1 + |m|)μ2−ρ|β|+δ(|γ|−J). (2.15)
We note that clearly Sμρ,δ(Z
n × Tn) ⊂ Aμ,0ρ,δ (Zn × Zn × Tn). The space of ampli-
tude operators Op(a) with amplitudes a ∈ Aμ1,μ2ρ,δ (Zn × Zn × Tn) will be denoted by 
Op(Aμ1,μ2ρ,δ (Zn × Zn × Tn)).
The definition above is motivated by properties of symbols in Definition 2.2, by the 
property that the amplitude of the operator adjoint to Op(σ) will be given by a(k, m, x) =
12 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473σ(m,x), and in order to have Theorem 2.8. Here, for the inclusion Sμρ,δ(Z
n × Tn) ⊂
Aμ,0ρ,δ (Zn×Zn×Tn) we may take J = |γ| in (2.15), while for the amplitude a(k, m, x) =
σ(m,x) we may take J = 0.
We now aim to show that




For this, we establish a useful property of more general difference operators.
Definition 2.6 (Generalised difference operators). Let q ∈ C∞(Tn). Then for τ : Zn → C





While the integral formula above makes sense for suitable functions τ , similar to (2.4) it 
can be extended to all τ ∈ S ′(Zn) by the distributional duality
Δqτ(k) = 〈τ̂ , e2πik·xq(x)〉 (2.17)
acting on the x-variable. At the same time, formula (2.16) also extends to non-smooth 
functions q: for example, (2.16) makes sense for τ ∈ 2(Zn) and q ∈ L2(Tn), or for other 
choices of matching conditions on τ and q, for (2.16) to make sense.










τ(l)F−1Zn q(k − l) = (τ ∗ F
−1
Zn q)(k). (2.18)
We record the following property of generalised difference operators acting on symbols.
Lemma 2.7. Let 0 ≤ δ ≤ 1 and let σ ∈ Sμρ,δ(Zn×Tn), μ ∈ R. Then for any q ∈ C∞(Tn)
and any β ∈ Nn0 we have
|ΔqD(β)x σ(k, x)| ≤ Cq,β(1 + |k|)μ+δ|β|, (2.19)
for all k ∈ Zn and x ∈ Tn.
















=: I1 + I2,
where in the first term we set l = k. Then we have
|I1| ≤ (1 + |k|)μ.


































(1 + |k|)μ + |m|μ
)
≤ C(1 + |k|)μ,
(2.20)
where we used that μ ≥ 0 in the last lines and that if we take M > n + μ2 , then 
2M − μ > n, and the series in the last lines of (2.20) converges.
If μ < 0, we will use the Peetre inequality which says that for all s ∈ R and ξ, η ∈ Rn
we have
(1 + |ξ + η|)s ≤ 2|s|(1 + |ξ|)s(1 + |η|)|s|,
see [34, Proposition 3.3.31]. Applying this with s = μ, we have
(1 + |k −m|)μ ≤ 2|μ|(1 + |k|)μ(1 + |m|)|μ|.
Applying this to the third line of (2.20) we get that
|I2| ≤ C(1 + |k|)μ,
provided that we take M such that 2M − |μ| > n, so that the series in m converges. So 
we obtain (2.19) in all the cases. 
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by symbols, let us recall the periodic Taylor expansion formula from [34, Theorem 3.4.4]. 






2πix − 1)αD(α)z h(z)|z=0 +
∑
|α|=N
hα(x)(e2πix − 1)α, (2.21)
where hα ∈ C∞(Tn), with D(α)z given by (2.5), and
(e2πix − 1)α = (e2πix1 − 1)α1 · · · (e2πixn − 1)αn .
The functions hα ∈ C∞(Tn) are products of one-dimensional functions hj(y), y ∈ T , 




e2πiy − 1 if y = 0,
Dyhj(y) if y = 0.
(2.22)




e2πiy − 1 if y = 0,




e2πiy − 1 =
h(y)−h(0)
e2πiy−1 −Dyh(0)
e2πiy − 1 if y = 0,
Dyh1(0) if y = 0,
and so on. It can be shown that these functions are smooth everywhere, including at 
y = 0, and that hj depends on the jth order derivative of h. We refer to [34, Section 3.4]
for the proof as well as for the expressions and analysis for the remainder functions hα.
Theorem 2.8. Let 0 ≤ δ < ρ ≤ 1. Let a ∈ Aμ1,μ2ρ,δ (Zn×Zn×Tn) and let the corresponding 






e2πi(k−l)·xa(k, l, x)f(l)dx. (2.23)






















x a(k, l, x)
∣∣∣
l=k
∈ Sμ1+μ2−N(ρ−δ)ρ,δ (Zn × Tn). (2.25)
From now on we will always understand asymptotic sums of type (2.24) in the sense 
of (2.25).
Proof of Theorem 2.8. Using formula (2.12) from Proposition 2.4, the symbol of the 
operator A in (2.23) is given by















e2πik·(y−x)â(k, y − x, y)dy,
where â denotes the Fourier transform of a with respect to the second variable. Replacing 




e2πik·yâ(k, y, y + x)dy. (2.26)
Taking the Taylor expansion of â(k, y, y + x) in the third variable at x as in (2.21), we 
have





2πiy − 1)αD(α)x â(k, y, x) + R0, (2.27)









2πiy − 1)αD(α)x â(k, y, x)dy + R, (2.28)


















giving the terms in the sum in (2.24).




e2πik·y(e2πiy − 1)αbj(k, y, x)dy,
with |α| = N and some bj containing the terms which are combination of functions
Dα0x F2a(k, y, x) for |α0| ≤ N,
where F2 means the Fourier transform with respect to the second variable, multiplied 
by some smooth functions, using the expressions (2.22). It follows that for any β the 
functions D(β)x Rj(k, x) are the sums of terms of the form∫
Tn




for some smooth functions aj ∈ C∞(Tn). Since a ∈ Aμ1,μ2ρ,δ , by Lemma 2.7 we obtain 
that Rj(k, x) satisfies the estimate
|Rj(k, x)| ≤ C(1 + |k|)μ1(1 + |k|)μ2−ρ|α|+δ|α0|+δ|β|,
for any value of J in (2.15). Using that |α| = N and |α0| ≤ N we get that
|Rj(k, x)| ≤ C(1 + |k|)μ1+μ2−(ρ−δ)N+δ|β|.
Also, for the terms ΔβkRj(k, x) we can express them as sums of terms of the form∫
Tn
e2πik·z(e2πiz − 1)βaj(z)(e2πiz − 1)αbj(k, z, x)dz,
with similar bj and aj as above. An argument similar to the one above shows the estimate
|ΔβkRj(k, x)| ≤ C(1 + |k|)μ1+μ2−ρ|β|−(ρ−δ)N .
By choosing N large enough, arguments like in the classical pseudo-differential calculus 
imply that we have (2.24). 
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In this section we develop elements of the symbolic calculus of pseudo-differential 
operators on Zn by deriving formulae for the composition, adjoint, transpose, as well as 
for the parametrix for elliptic operators.
Theorem 3.1 (Composition formula). Let 0 ≤ δ < ρ ≤ 1. Let σ ∈ Sμ1ρ,δ(Zn × Tn) and 
τ ∈ Sμ2ρ,δ(Zn×Tn). Then the composition Op(σ) ◦Op(τ) is a pseudo-differential operator 







x σ(k, x)Δαk τ(k, x). (3.1)
We note that the order of taking differences and derivatives in (3.1) changes in com-
parison to the analogous composition formulae on Rn and Tn, see [35,34].
Proof of Theorem 3.1. Let f, g ∈ S(Zn). The pseudo-differential operators with symbols 
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e2πik·xσ(k, y + x)τ̂(x, y)dx,
where τ̂ is the Fourier transform of τ(m, y) in the first variable. Using the periodic Taylor 




















x σ(k, x)Δαk τ(k, x) + R,
where R is a remainder coming from the Taylor expansion formula. We observe that 
since the difference operators satisfy the Leibniz rule we have




The remainder R can be treated along the lines of the remainder treatment in the proof 
of Theorem 2.8. 








We now derive the asymptotic formula for its symbol.
Theorem 3.2 (Adjoint operators). Let 0 ≤ δ < ρ ≤ 1. Let σ ∈ Sμρ,δ(Zn × Tn). Then 
there exists a symbol σ∗ ∈ Sμρ,δ(Zn × Tn) such that the adjoint operator Op(σ)∗ is a 























































which is an amplitude operator with amplitude a(k, l, y) = σ(l, y) ∈ A0,μρ,δ (Zn×Zn×Tn). 













yielding (3.5) and completing the proof. 
For f, g ∈ S(Zn) we recall that the transpose T t of a linear operator T is given by 
the distributional duality
〈T tf, g〉 = 〈f, Tg〉,






Theorem 3.3 (Transpose operators). Let 0 ≤ δ < ρ ≤ 1. Let σ ∈ Sμρ,δ(Zn × Tn). Then 
there exists a symbol σt ∈ Sμρ,δ(Zn × Tn) such that the transpose operator Op(σ)t is a 

















































This is an amplitude operator with amplitude a(l, k, x) = σ(k, −x). Since σ ∈ Sμρ,δ(Zn ×
Tn), we have a ∈ A0,μρ,δ (Zn × Tn). Applying Theorem 2.8 we get that T t = Op(at) with 










yielding (3.6) and completing the proof. 
We now record the useful statement on the asymptotic sum of symbols.




j=0 be a sequence 
of μj ∈ R such that μj > μj+1 and μj → −∞ as j → ∞. Let σj ∈ Sμjρ,δ(Zn ×Tn) for all 









σj ∈ SμNρ,δ (Zn × Tn), for all N ∈ N.
This statement immediately follows from [34, Theorem 4.4.1] since the symbol classes 
are the same modulo swapping the order of the variables.
We now define elliptic operators in the symbol classes Sμρ,δ(Zn × Tn).
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order μ) if there exist C > 0 and M > 0 such that
|σ(k, x)| ≥ C(1 + |k|)μ
holds for all x ∈ Tn and all k ∈ Zn such that |k| ≥ M . The corresponding pseudo-
difference operator Op(σ) is then also called elliptic.
Theorem 3.6 (Ellipticity and parametrix). Let 0 ≤ δ < ρ ≤ 1. An operator A ∈
Op(Sμρ,δ(Zn × Tn)) is elliptic if and only if there exists B ∈ Op(S
−μ
ρ,δ (Zn × Tn)) such 
that
BA  I  AB modulo Op(S−∞(Zn × Tn)),
where I is the identity operator.
Moreover, let A ∼
∞∑
l=0
Al be an expansion, where Al ∈ Op(Sμ−(ρ−δ)lρ,δ (Zn × Tn)). 
Then an asymptotic expansion B ∼
∞∑
j=0
Bj with Bj ∈ Op(S−μ−(ρ−δ)jρ,δ (Zn × Tn)) can be 
obtained by setting σB0 :=
1
σA0
, and then recursively












D(γ)x σBj (k, x)
]
ΔγkσAl(k, x). (3.7)
Here, for example, by AB  I we mean that




is the class of ‘smoothing’ operators, independent of ρ and δ. We will still call such 
operators ‘smoothing’ although the smoothness does not make sense on the lattice Zn.
Proof. “If part”. We want to show that A ∈ Op(Sμρ,δ(Zn × Tn)) is elliptic and we are 
given that
I −AB = T ∈ S−∞(Zn × Tn).
Hence by Theorem 3.1 we have, in particular, that
1 − σA(k, x)σB(k, x) ∈ S−(ρ−δ)ρ,δ (Zn × Tn),
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|1 − σA(k, x)σB(k, x)| ≤ C(1 + |k|)−(ρ−δ).
Take M such that C(1 + |M |)−(ρ−δ) < 12 . It then follows that
|σA(k, x)σB(k, x)| ≥
1








|σB(k, x)| ≤ CB(1 + |k|)−μ.
Hence σA is elliptic of order μ.





By [34, Lemma 4.9.4] we have σB0 ∈ S−μρ,δ (Zn × Tn). Also by the composition formula 
in Theorem 3.1 we have
σB0A = σB0σA − σT  1 − σT ,
for some T ∈ S−(ρ−δ)ρ,δ (Zn × Tn), hence B0A = I − T . The rest of the “only if” proof 
follows by the composition formula and a functional analytic argument similar to the 
proof of [34, Theorem 4.9.6], so we omit it.
We will now show formula (3.7). We have I  BA which means that 1  σBA(k, x). 

























The rest follows by using a similar argument to the proof of [34, Theorem 4.9.13], com-
pleting the proof. 
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We will now discuss the relation between the lattice quantization analysed so far and 
the toroidal quantization developed in [35,32]. The toroidal quantization has since led to 
many further developments and applications, see e.g. [15,22,21,4], to mention a few. So, 
the described link leads to a way of transferring results from the toroidal setting to the 
lattice. We will give such an example in the derivation of 2-estimates in Theorem 5.2, 
as well as apply it in Corollary 5.3 to give a characterisation of compact operators on 
2(Zn), in Corollary 5.4 for a version of the Gohberg lemma, and in Theorem 5.5 to give 
a condition for the membership in the Schatten-von Neumann classes.
To distinguish between these two quantizations, here we will use the notation OpTn









e2πik·xσ(k, x)(FZnf)(x)dx, k ∈ Zn. (4.2)





e−2πix·kv(x)dx = F−1Zn v(−k), (4.3)
since F−1Zn has the form (1.6).
Theorem 4.1. For a function σ : Zn×Tn → C define τ(x, k) := σ(−k, x). Then we have
OpZn(σ) = F−1Zn ◦ OpTn(τ)
∗ ◦ FZn , (4.4)
where OpTn(τ)∗ is the adjoint of the toroidal pseudo-differential operator OpTn(τ). We 
also have
OpTn(τ) = FZn ◦ OpZn(σ)∗ ◦ F−1Zn , (4.5)
where OpZn(σ)∗ is the adjoint of the pseudo-difference operator OpZn(σ).
Formulae (4.4) and (4.5) allow one to reduce certain problems for OpZn to the cor-
responding problems for OpTn , at least when one is working in the 2-framework. In 
Theorem 5.2 we show this in the case of finding conditions for OpZn(σ) to be bounded 
24 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473on 2(Zn) in terms of σ. Moreover, we can conclude that OpZn(σ) is in the p-Schatten 
class on 2(Zn) if the operator OpTn(τ) is in the p-Schatten class on L2(Tn), and con-
ditions for toroidal pseudo-differential operators to be in the p-Schatten classes or to be 
r-nuclear on L2(Tn) in terms of their toroidal symbols were given in [9] and also in [8]. 
We will give such an application in Theorem 5.5.





Then by (4.2) we have the relation
OpZn(σ) = T ◦ FZn . (4.6)
Let us calculate the adjoint operator T ∗ determined by the relation
































e2πik·xτ(x, k)FTnv(k) = OpTn(τ)v(x),
(4.7)
with v such that FTnv(k) = h(−k). It then follows from (4.3) that h(k) = FTnv(−k) =
F−1Zn v(k). This and (4.7) imply that
T ∗ = OpTn(τ) ◦ FZn . (4.8)
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T = F∗Zn ◦ OpTn(τ)∗ = F−1Zn ◦ OpTn(τ)
∗, (4.9)
in view of the unitarity of all the Fourier transforms. And now, combining (4.9) with 
(4.6), we obtain (4.4). Finally, (4.5) follows form (4.4) by taking adjoint and using the 
unitarity of the Fourier transform. 
5. Applications
In this section we give conditions for the boundedness of pseudo-difference operators 
on 2(Zn), weighted 2(Zn), p(Zn). We also discuss a condition for Hilbert-Schmidt 
operators and its implication for the p-p′ boundedness, and give conditions for the 
membership in Schatten classes. Finally, we discuss a version of Fourier integral operators 
on the lattice Zn.
5.1. Boundedness on 2(Zn)
We recall that if H be a complex separable Hilbert space then a bounded linear 
operator on H is said to be a Hilbert-Schmidt operator if there exists an orthonormal 
basis {wm}∞m=1 in H such that 
∑∞
m=1 ‖Awm‖2H < ∞. If A ∈ L (H) is a Hilbert-Schmidt 





where {wm}∞m=1 is any orthonormal basis in H. The following is a natural condition for 
an operator on 2(Zn) to be Hilbert-Schmidt in terms of the symbol. Interestingly, it 
implies that Hilbert-Schmidt operators are p-p′ bounded for all 1 ≤ p ≤ 2.
Proposition 5.1. The pseudo-difference operator Op(σ) : 2(Zn) → 2(Zn) is a Hilbert-
Schmidt operator if and only if σ ∈ L2(Zn × Tn), in which case we have






⎞⎠ 12 . (5.1)
Moreover, if σ ∈ L2(Zn×Tn) then Op(σ) : p(Zn) → q(Zn) is bounded for all 1 ≤ p ≤ 2
and 1p +
1
q = 1, and we have
‖Op(σ)‖L (p(Zn)→q(Zn)) ≤ ‖σ‖L2(Zn×Tn). (5.2)
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in Theorem 5.5 to imply Schatten properties of operators. The boundedness part was 
shown in [30]. We will give simple proofs for completeness, to show formulae (5.1) and 
(5.2). In the case p = 2 it implies the 2-boundedness result in [18] (where n = 1 was 
considered).
Proof of Proposition 5.1. Let {wm}m∈Zn be the standard orthonormal basis for 2(Zn)
which is defined by wm(k) = δmk being the Kronecker delta. By (1.3) the Fourier trans-



























completing the proof of the Hilbert-Schmidt part.













⎞⎠ 12 ≤ ‖f‖1(Zn)‖σ‖L2(Zn×Tn).










so that the result follows by interpolation. 
We now improve the statement of Proposition 5.1 in the case of p = 2 showing that 
actually no decay is needed for the 2-boundedness provided that finitely many deriva-
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operators.
Theorem 5.2. Let κ ∈ N and κ > n/2. Assume that the symbol σ : Zn × Tn → C
satisfies
|∂βxσ(k, x)| ≤ C, for all (k, x) ∈ Zn × Tn, (5.4)
for all |β| ≤ κ. Then Op(σ) extends to a bounded operator on 2(Zn).
Proof. Using the equality (4.4) in Theorem 4.1 and the fact that the Fourier transform 
FZn is an isometry from 2(Zn) to L2(Tn), it follows that Op(σ) ≡ OpZn(σ) is bounded 
on 2(Zn) if and only if OpTn(τ) is bounded on L2(Tn) for the toroidal symbol τ(x, k) =
σ(−k, x). But OpTn(τ) is bounded on L2(Tn) under conditions (5.4) in view of [34, 
Theorem 4.8.1]. 
5.2. Compactness, Gohberg lemma, and Schatten-von Neumann classes
In this section we give applications of the developed calculus to presenting conditions 
ensuring that the corresponding operators belong to Schatten classes. As usual, an oper-
ator is in the p-Schatten class if it is compact and if the sequence of its singular numbers 
is in p.
We start by giving a criterium for compactness of pseudo-differential operators acting 
on 2(Zn) and an estimate for their essential spectrum. We recall that for a closed linear 
operator A on a complex Hilbert space, its essential spectrum is defined as
Σess(A) = C\{λ ∈ C : A− λI is Fredholm and its index is 0}. (5.5)
Then, since the compactness, Fredhomlness, and the index are preserved by unitary 
operators, as a consequence of (4.4) in Theorem 4.1 and [7, Theorem 3.2] we obtain
Corollary 5.3. Let σ ∈ S0(Zn × Tn). Define






OpZn(σ) is compact on 2(Zn) if and only if d = 0.
Moreover, we have
Σess(OpZn(σ)) ⊂ {λ ∈ C : |λ| ≤ d}.
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the space of compact operators on 2(Zn). In view of [13], such a statement is often called 
Gohberg lemma in the literature, and see e.g. [19,24] also for the results on the circle 
T 1, and [7] for the Gohberg lemma on general compact Lie groups. For the following 
statement we may recall the notions of generalised difference operators Δq from (2.16). 
As a consequence of (4.4) in Theorem 4.1 and [7, Theorem 3.1] we have
Corollary 5.4. Let σ : Zn × Tn → C be such that
|σ(k, x)| ≤ C, |∇xσ(k, x)| ≤ C, |Δqσ(k, x)| ≤ C(1 + |k|)−ρ, (5.7)
for some ρ > 0, for all q ∈ C∞(Tn) with q(0) = 0 and all (k, x) ∈ Zn × Tn. Then for 
all compact operators K on 2(Zn) we have





In particular, this conclusion holds for any σ ∈ S0(Zn × Tn).
The starting point for the analysis of the Schatten classes is the following condition 








Lp′ (Tn) < ∞ =⇒ OpZn(σ) is p-Schatten operator on 
2(Zn). (5.8)
In fact, (5.8) holds in much greater generality, in particular, on all locally compact 
separable unimodular groups of Type I, see [17, Corollary 3.18]. Essentially, it follows 
by complex interpolation between the Hilbert-Schmidt condition in Proposition 5.1 and 
the fact that operators with symbols satisfying 
∑
k∈Zn ‖σ(k, ·)‖L1(Tn) < ∞ are bounded 
on 2(Zn).
For 0 < p ≤ 2, the membership of operators in p-Schatten classes is more difficult to 
ensure. However, as a consequence of (4.4) in Theorem 4.1 and [8, Corollary 3.12] we 
obtain the following statement.
Theorem 5.5. Let 0 < p ≤ 2. Then we have∑
k∈Zn
‖σ(k, ·)‖pL2(Tn) < ∞ =⇒ OpZn(σ) is p-Schatten operator on 
2(Zn). (5.9)
In particular, if ∑
‖σ(k, ·)‖L2(Tn) < ∞, (5.10)k∈Zn










where {λj}j are the eigenvalues of OpZn(σ) counted with multiplicities.
Proof of Theorem 5.5. The conclusion (5.9) for 0 < p ≤ 1 is an immediate consequence 
of (4.4) and [8, Corollary 3.12], which shows the p-nuclearity of OpZn(σ) on 2(Zn). 
Since the notions of p-nuclearity and p-Schatten classes coincide for Hilbert space (see 
Oloff [20] or Pietsch [23, Section 6.3.2.11]) we get (5.9) for 0 < p ≤ 1.
As a special case with p = 1, the operators satisfying (5.10) are trace class. The first 
equality in (5.11) follows from the expression for the kernel at the diagonal given in 
(2.10), and the second equality in (5.11) is the famous Lidskii formula [16].
Consequently, (5.9) for 1 ≤ p ≤ 2 follows by interpolation between (5.10) and the 
Hilbert-Schmidt condition (5.1). 
The notion of r-nuclearity was introduced and developed by Grothedieck in [14]. We 
can refer e.g. to [8] for the discussion of r-nuclearity and its meaning and consequences, 
and to [23] for an extensive presentation and the history. The direct r-nuclearity consid-
erations in our setting appear to be more difficult than those when the space is compact 
([10]) because the kernel does not allow for a natural discrete tensor product decompo-
sition.
5.3. Weighted 2-boundedness
For s ∈ R and 1 ≤ p < ∞ let us define the weighted space ps(Zn) as the space of all 







We observe that the symbol as(k) = (1 + |k|)s belongs to Ss1,0(Zn × Tn), and we have 
f ∈ ps(Zn) if and only if Op(as)f ∈ p(Zn). Consequently, we have
ps(Zn) = Op(a−s)(p(Zn)). (5.13)
Then Theorem 5.2 and Theorem 3.1 imply the following boundedness results.
Corollary 5.6. Let μ ∈ R and let σ ∈ Sμ0,0(Zn×Tn). Then Op(σ) is bounded from 2s(Zn)
to 2s−μ(Zn) for all s ∈ R.
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B = Op(as−μ)AOp(a−s)
has symbol in S00,0(Zn×Tn). Here we observe that we can also include the case ρ = δ = 0
in the statement of Theorem 3.1 since actually as ∈ Ss1,0(Zn×Tn) so that the asymptotic 
formulae work also in this case.
Let f ∈ 2s(Zn). Then g := Op(as)f ∈ 2(Zn). By Theorem 5.2 the operator B is 
bounded on 2(Zn), so that Bg ∈ 2(Zn). Now, writing
Af = Op(aμ−s)Op(as−μ)AOp(a−s)Op(as)f = Op(aμ−s)Bg,
we get that Af ∈ Op(aμ−s)2(Zn) = 2s−μ(Zn) in view of (5.13). Consequently, A is 
bounded from 2s(Zn) to 2s−μ(Zn). 
5.4. Gårding and sharp Gårding inequalities on Zn
First, let us recall a special case of the Gårding inequality on compact Lie groups, in 
the special case of the torus Tn, as in [39, Corollary 6.2], stating:
Corollary 5.7. Let 0 ≤ δ < ρ ≤ 1 and m > 0. Let B ∈ OpTnS2mρ,δ (Tn × Zn) be elliptic 
such that σB(x, k) ≥ 0, for all x and co-finitely many k. Then there exist C0, C1 > 0
such that for all f ∈ Hm(Tn) we have
Re(Bf, f)L2(Tn) ≥ C0||f ||2Hm(Tn) − C1||f ||2L2(Tn).
Let us show that Corollary 5.7 implies the corresponding Gårding inequality on Zn. As 
there is no regularity concept on the lattice, the statement is given in terms of weighted 
2-spaces.
Theorem 5.8 (Gårding inequality on Zn). Let 0 ≤ δ < ρ ≤ 1 and m > 0. Let A ∈
OpZnS2mρ,δ (Zn ×Tn) be elliptic such that σA(k, x) ≥ 0 for all x and for co-finitely many 
k. Then there exist C1, C2 > 0 such that for all f ∈ 2m(Tn) we have
Re(Af, f)2(Zn) ≥ C0||f ||22m(Zn) − C1||f ||
2
2(Zn). (5.14)
Proof. Let τ(x, k) = σA(−k, x). Then we have
A = OpZn(σA) = F−1Zn ◦ OpTn(τ)
∗ ◦ FZn , (5.15)
by Theorem 4.1, and if σA is elliptic on Tn, then τ is elliptic on Zn. Also, if σA ≥ 0, 
then τ ≥ 0. Then by Corollary 5.7, for all g ∈ Hm(Tn) we have
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≥ C0||g||2Hm(Tn) − C1||g||2L2(Tn). (5.16)
Let g be the Fourier transform of the function f , that is g = FZnf . If f ∈ Hm(Tn) then 
g ∈ 2m(Zn) and
‖f‖Hm(Tn) = ‖f‖2m(Zn) and ‖f‖L2(Tn) = ‖f‖2(Zn). (5.17)
By Theorem 4.1,
Af = F−1Zn ◦ OpTn(τ)
∗ ◦ FZnf = F−1Zn ◦ OpTn(τ)
∗g, (5.18)
so that FZnAf = OpTn(τ)∗g. Substituting (5.17) into (5.16) we get
Re(OpTn(τ)∗g, g)L2(Tn) ≥ C0||f ||22m(Zn) − C1||f ||
2
2(Zn),
Re(FZnAf,FZnf)L2(Tn) ≥ C0||f ||22m(Zn) − C1||f ||
2
2(Zn),
Re(F∗ZnFZnAf, f)2(Zn) ≥ C0||f ||22m(Zn) − C1||f ||
2
2(Zn) since F∗ZnFZn = Id,
Re(Af, f)2(Zn) ≥ C0||f ||22m(Zn) − C1||f ||
2
2(Zn).
This completes the proof. 
We now proceed by establishing the sharp Gårding inequality on Zn. Let us recall a 
special case of the sharp Gårding inequality on compact Lie groups, in the setting of the 
torus, see [36, Theorem 2.1]:
Theorem 5.9 (Sharp Gårding inequality on Tn). Let B ∈ OpTnSm(Tn × Zn) be such 
that its symbol σ(x, k) ≥ 0 for all (x, k) ∈ Tn × Zn. Then there exists C < ∞ such that 
we have





for all g ∈ H m−12 (Tn).
Similarly, extending this theorem to the lattice we have the corresponding result:
Theorem 5.10 (Sharp Gärding inequality on Zn). Let A ∈ OpZnSm(Zn × Tn) be such 
that its symbol satisfies σA(k, x) ≥ 0 for all (k, x) ∈ Zn × Tn. Then there exists C < ∞
such that we have
Re(Af, f)2(Zn) ≥ −C‖f‖2m−1
2
(Zn)
for all f ∈ 2m−1 (Zn).
2
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A = OpZn(σA) = F−1Zn ◦ OpTn(τ)
∗ ◦ FZn . (5.19)
Employing the same argument and notation as in the proof of Theorem 5.8, using The-
orem 5.9, we get











finishing the proof. 
5.5. Well-posedness of the parabolic equations
As a consequence of Gårding inequalities on the lattice, we obtain the existence and 
uniqueness of solutions of the parabolic equation on the lattice.
Theorem 5.11. Let A ∈ OpZnSm1,0(Zn×Tn), m > 0. Assume that there exist C0 > 0 and 
d0 > 0 such that for all x ∈ Tn, we have
−σA(k, x) ≥ C0|k|m for |k| ≥ d0. (5.20)
Let T > 0. Then for every u0 ∈ 2(Zn) and f ∈ L1([0, T ], 2(Zn)), the equation{
∂u
∂t −Au = f, t ∈ [0, T ],
u(0) = u0,
(5.21)
has a unique solution u ∈ C([0, T ], 2(Zn)). Moreover, there exists C > 0 such that for 









Proof. Suppose that u satisfies the condition (5.21). We first observe that (5.20) implies 
that there exists C ′0 > 0 such that
| − (σA + σ∗A)(k, x)| ≥ C ′0|k|m for |k| ≥ d0.









(Zn) − C2||u||22(Zn). (5.23)




































(A + A∗)u, u
)
2(Zn)
+ 2Re(u, f)2(Zn) by (5.23) we have
≤ −C1||u(t)||22m
2
(Zn) + C2||u(t)||22(Zn) + ||u(t)||22(Zn) + ||f ||22(Zn)
≤ (C2 + 1)||u(t)||22(Zn) + ||f ||22(Zn).










By the standard Picard iteration scheme it the follows that (5.21) has a solution 
u ∈ C([0, T ], 2(Zn)).
Next we prove the uniqueness. For this, let u, v be two solutions of (5.21), that is
{
∂u
∂t −Au = f, t ∈ [0, T ],
u(0) = u0,{
∂v
∂t −Av = f, t ∈ [0, T ],
v(0) = u0.
By this, setting w := u − v, we have
{
∂w
∂t −Aw = 0, t ∈ [0, T ],
w(0) = 0.
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implies
0 = ‖w(t)‖2(Zn) = ‖u(t) − v(t)‖2(Zn) =⇒ u(t) = v(t) for all t ∈ [0, T ],
completing the proof. 
5.6. Boundedness and compactness on p(Zn)
The following statement gives a condition for the p(Zn)-boundedness of pseudo-
differential operators on Zn in terms of their symbols: here one asks for decay of irregular 





We note that it was shown in [30] that if FTnσ ∈ q(Zn × Zn) then Op(σ) : p(Zn) →
p(Zn) is bounded provided that 2 ≤ p < ∞ and 1p +
1
q = 1.
Moreover, if, in general, Op(σ) : p(Zn) → r(Zn) is bounded, then for every m ∈ Zn
the function (FTnσ)(k, m − k) must be in r(Zn) as a function of k. This follows since 
the latter condition is equivalent to saying that Op(σ)wm ∈ r(Zn) for all m ∈ Zn, for 
functions wm such that wm(l) = δml, in view of (FTnσ)(k, m − k) = Op(σ)wm(k), see 
(5.3).
Also, it is known that for 1 ≤ p ≤ ∞, for amplitude operators with amplitude a, we 
have the following analogue of the Calderon-Vaillancourt theorem:
‖Op(a)‖L (p(Zn)) ≤ C sup
(k,l,x)∈Zn×Zn×Tn,|α|≤n+1
|∂αx a(k, l, x)|, (5.25)
see [27, Theorem 2.8].
Proposition 5.12. Let 1 ≤ p < ∞. Let σ : Zn × Tn → C be a measurable function. 
Assume that there is a positive constant C > 0 and a function ω ∈ 1(Zn) such that
|(FTnσ)(k,m)| ≤ C|ω(m)|, for all k,m ∈ Zn,
where FTnσ is the Fourier transform of σ in the second variable. Then Op(σ) : p(Zn) →
p(Zn) is a bounded linear operator and
‖Op(σ)‖L (p(Zn)) ≤ C‖ω‖1(Zn).
The proof of this result is straightforward once we observe that the assumption means 
that the convolution kernel of Op(σ) is in 1, and then the statement follows by the 
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Theorem 5.13.












Let us define (FTnσ)∼ by
(FTnσ)∼(k,m) = (FTnσ)(k,−m).





= ((FTnσ)∼(k, ·) ∗ f)(k).


















using Young’s inequality for convolution in the last line. The fact that 1(Zn) is dense 
in p(Zn) completes the proof for all 1 ≤ p < ∞. 
For n = 1, these statements were established in [18].
One condition for compactness of operators appeared in Corollary 5.3. Now we record 
another condition, strengthening the condition of Theorem 5.12 on the symbol σ to 
guarantee that the corresponding pseudo-difference operator is compact on p(Zn).
Theorem 5.13. Let σ : Zn × Tn → C be a measurable function such that there exist a 
positive function λ : Zn → R and a function ω ∈ 1(Zn) such that
|(FTnσ)(k,m)| ≤ λ(k)|ω(m)|, for all m, k ∈ Zn,




Then the pseudo-difference operator Op(σ) : p(Zn) → p(Zn) is a compact operator for 
all 1 ≤ p < ∞.
Proof. Let us consider the sequence of functions
σN (k, x) :=
{
σ(k, x), |k| ≤ N,
0, |k| > N.
Then we have
(
















f(m)(FTn(σ − σN ))(k,m− k).
(5.26)
Taking the p-norm and writing this using the representation as a convolution we get
‖
(










((∣∣(FTnσ)∼(k, ·)∣∣ ∗ ∣∣f ∣∣)(k)
)p
.
By hypothesis we have that for every ε > 0 there exists some N0 such that |λ(k)| < ε, 
for all k > N0, and hence also
|(FTnσ)∼(k,m)|p ≤ εp|ω(m)|p.
Using this and the Young inequality for convolutions for N > N0 we obtain
‖
(







∣∣ω∣∣ ∗ ∣∣f ∣∣)(k))p
= εp‖ω ∗ f‖pp(Zn)
≤ εp‖ω‖p1 n ‖f‖pp n . (Z )  (Z )
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‖Op(σ) − Op(σN )‖L (p(Zn)) ≤ ε‖ω‖1(Zn).
It implies that Op(σ) is the limit in norm of a sequence of compact operator on p(Zn), 
therefore Op(σ) is p-compact. 
5.7. Fourier series operators
The same argument as in the proof of Theorem 5.2 allows one to extend it to a more 
general setting of Fourier series operators. Before we formulate a result let us introduce 
some notation.
Let ψ : Rn × Zn → R be a real-valued function such that function x → eiψ(x,k) is 
1-periodic for every k ∈ Zn. In this case, by abuse of notation, we can still write x ∈ Tn. 





Properties of such operators and their extensions have been extensively analysed in [35, 
Section 9] and in [34, Sections 4.13-4.15], to which we refer for their calculus, boundedness 
properties, and applications to hyperbolic equations.
Analogously, let φ : Zn × Rn → R be a real-valued function such that function 
x → eiφ(k,x) is 1-periodic for every k ∈ Zn. For σ : Zn × Tn → C and f ∈ S(Zn) let us 





In the special case of φ(k, x) = 2πk · x we have TZn(φ, σ) = OpZn(σ), so in analogy to 
TTn(ψ, τ) we may call operators TZn(φ, σ) Fourier series operators.
Theorem 5.14. Let φ : Zn × Rn → R be a real-valued function such that function x →
eiφ(k,x) is 1-periodic for every k ∈ Zn, and let σ : Zn × Tn → C.
(i) Define τ(x, k) := σ(−k, x) and ψ(x, k) := −φ(−k, x). Then we have
TZn(φ, σ) = F−1Zn ◦ TTn(ψ, τ)
∗ ◦ FZn , (5.29)
where TTn(ψ, τ)∗ is the adjoint of the operator TTn(ψ, τ).
(ii) Assume that for all |α| ≤ 2n + 1 and |β| = 1 we have
|∂αxσ(k, x)| ≤ C and
∣∣∣∂αxβkφ(k, x)∣∣∣ ≤ C for all (k, x) ∈ Zn × Tn. (5.30)
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|∇xφ(k, x) −∇xφ(l, x)| ≥ C|k − l| for all x ∈ Tn, k, l ∈ Zn. (5.31)
Then TZn(φ, σ) extends to a bounded operator on 2(Zn).
Part (i) follows by the same argument as that in the proof of Theorem 4.1, so we omit 
the details. Part (ii) follows by the same argument as that in the proof of Theorem 5.2, 
with the exception that instead of the L2-boundedness of toroidal pseudo-differential 
operators we use the L2-boundedness of the toroidal Fourier series operators as in [34, 
Theorem 9.2], see also [34, Theorem 4.14.2].
6. Examples
Let us give some examples of operators and their symbols as well as applications to 
solutions of difference equations, as an example of applications of our constructions.
Let vj = (0, . . . , 0, 1, 0, . . . , 0) ∈ Zn, where 1 is the jth element of vj .
(1) Consider the operator Aj defined by
Ajf(k) = f(k + vj) − f(k).
Defining ex(k) = e2πik·x for all k ∈ Zn and x ∈ Tn, we have
Ajex(k) = e2πi(k+vj)·x − e2πik·x,
hence by Proposition 2.4 the symbol of Aj is given by
σAj (k, x) = e2πivj ·x − 1 = e2πixj − 1.
The symbol σAj is independent of k and σAj ∈ S0(Zn ×Tn). Moreover, the symbol 
σAj is not elliptic.
(2) The operator Bj defined by
Bjf(k) = |k|μ(f(k + vj) + 1) − |k|ν(f(k − vj) + 2)
has symbol
σBj (k, x) = |k|μ(e2πixj + 1) − |k|ν(e−2πixj + 2) ∈ Smax{μ,ν}(Zn × Tn),
which is elliptic of order ν if, for example, ν ≥ μ. It is not elliptic if μ > ν. It follows 
from Corollary 5.6 that if
|k|μ(f(k + vj) + 1) − |k|ν(f(k − vj) + 2) = g(k), for all k ∈ Zn,
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the weighted space defined in (5.13).



















in S0(Zn ×Tn), which is elliptic if Re a = 0 or if Im a /∈ [−2n, 2n]. Consequently, in 





j=1 sin(2πxj) + a
, x ∈ Tn.














f(k + vj) − f(k − vj)
)
+ af(k) = g(k). (6.1)
By Corollary 5.6 the operator T−1 is bounded from 2s(Zn) to 2s(Zn) for any s ∈ R
that is, if g ∈ 2s(Zn) then the solution f to (6.1) satisfies f ∈ 2s(Zn).
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(1984) 22–67, 246.
[3] B.A. Amosov, On the theory of pseudodifferential operators on the circle, Usp. Mat. Nauk 
43 (3(261)) (1988) 169–170.
[4] D. Cardona, Weak type (1, 1) bounds for a class of periodic pseudo-differential operators, J. Pseudo-
Differ. Oper. Appl. 5 (4) (2014) 507–515.
[5] V. Catana, Lp-boundedness of multilinear pseudo-differential operators on Zn and Tn, Math. 
Model. Nat. Phenom. 9 (5) (2014) 17–38.
[6] H.O. Cordes, The Technique of Pseudodifferential Operators, London Mathematical Society Lecture 
Note Series, vol. 202, Cambridge University Press, Cambridge, 1995.
[7] A. Dasgupta, M. Ruzhansky, The Gohberg lemma, compactness, and essential spectrum of operators 
on compact Lie groups, J. Anal. Math. 128 (2016) 179–190.
40 L.N.A. Botchway et al. / Journal of Functional Analysis 278 (2020) 108473[8] J. Delgado, M. Ruzhansky, Lp-nuclearity, traces, and Grothendieck-Lidskii formula on compact Lie 
groups, J. Math. Pures Appl. (9) 102 (1) (2014) 153–172.
[9] J. Delgado, M. Ruzhansky, Schatten classes and traces on compact groups, Math. Res. Lett. 24 
(2017) 979–1003.
[10] J. Delgado, M. Ruzhansky, N. Tokmagambetov, Schatten classes, nuclearity and nonharmonic anal-
ysis on compact manifolds with boundary, J. Math. Pures Appl. (9) 107 (6) (2017) 758–783.
[11] J. Delgado, M.W. Wong, Lp-nuclear pseudo-differential operators on Z and S1, Proc. Am. Math. 
Soc. 141 (11) (2013) 3935–3942.
[12] M.B. Ghaemi, M. Jamalpour Birgani, E. Nabizadeh Morsalfard, A study on pseudo-differential 
operators on S1 and Z, J. Pseudo-Differ. Oper. Appl. 7 (2) (2016) 237–247.
[13] I.C. Gohberg, On the theory of multidimensional singular integral equations, Sov. Math. Dokl. 1 
(1960) 960–963.
[14] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Am. Math. Soc. 16 
(1955) 140.
[15] C. Lévy, C. Neira Jiménez, S. Paycha, The canonical trace and the noncommutative residue on the 
noncommutative torus, Trans. Am. Math. Soc. 368 (2) (2016) 1051–1095.
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